A set S ⊆ V (G) is said to be an isolate dominating set of G if S has isolated vertex. In this paper, we initiated and introduced new variant of domination called doubly isolate dominating set which is defined as the isolate dominating set such that the subgraph V (G) S induced by V (G) S also has isolated vertex. The minimum cardinality of the doubly isolate dominating set is called the doubly isolate domination number, denoted by γ 00 (G). Characterization of the lower and upper bound of the doubly isolate domination number has been established. Other properties for the doubly isolate domination number were also obtained. We also characterized the doubly isolate dominating set for the join of two graphs.
Introduction
Let G = (V, E) be simple graph (a graph without multiple edges or loops) with V (G) as vertex set and E(G) as edge set.
A set S ⊆ V (G) is said to be a dominating set of G if every element of V (G) S is adjacent to some element of S. The minimum cardinality of the dominating set is called the domination number, denoted by γ(G).
A dominating set S ⊆ V (G) is called an isolate dominating set if the subgraph S induced by S has an isolated vertex. The minimum cardinality of the isolate dominating set is called the isolate domination number, denoted by γ 0 (G). This new variant of domination was introduced in 2013 by Hamid in [5, 6, 7] and further studied in [1] .
In this paper, we introduced a new variant based from the isolate domination which is called doubly isolate domination defined as follows: An isolate dominating set S is said to be doubly isolate dominating set of G if the subgraph V (G) S induced by V (G) S has an isolated vertex. Similarly, the minimum cardinality of the doubly isolate dominating set is called doubly isolate domination number, denoted by γ 00 (G). If |S| = γ 00 (G), then we say that S is a γ 00 -set of G. For any graph theoretic related concepts not defined in this paper, please see [2, 3, 4] .
Preliminary Results
In this parameter, we don't allow the set V (G) S to be empty. Thus, we have the following remark:
Remark 2.1 The doubly isolate dominating set of a complete graph or an empty graph does not exists.
Now, let us find some family of graphs on which the doubly isolate dominating set does not exists.
Lemma 2.2 Let G be any graph of order
Clearly, {u} is an isolate dominating set of G. From the definition of isolate dominating set, if S ⊆ V (G) and S {u} = ∅, then S is not an isolate dominating set. Thus, S is not a doubly isolate dominating set whenever S {u} = ∅. Next, since δ(G) ≥ 1, it implies that V (G) {u} has no isolated vertex. Hence, {u} is not a doubly isolate dominating set of G.
Corollary 2.3
The doubly isolate dominating set does not exists for the following graphs:
Hence, let us consider a family of graphs G such that G ∈ G if and only if G is neither a graph of order greater than 2 with ∆(G) = n − 1 and δ(G) ≥ 1 nor an empty graph.
Main Results
Since there are graphs on which the doubly isolate domination does not exists, all graphs considered in this section are within the family G provided unless it is being specified.
The theorem below is a characterization for the lower bound of the γ 00 -set.
Proof : Suppose γ 00 (G) = 1. Let S = {v} be a γ 00 -set of G. Since S is a dominating set and
Conversely, since there exists a vertex v with degree n−1, {v} is a dominating set of G. Since deg G (u) = 1, u is an isolated vertex in V (G) {v} . Thus, γ 00 (G) = 1. Corollary 3.2 Let S n be a star graph of order n ≥ 2. Then γ 00 (S n ) = 1.
Proof : Since S n contain vertices of degree n − 1 and 1, by Theorem 3.1 γ 00 (S n ) = 1. 
Proof : Suppose γ 00 (G) = 2. Let S = {u, v} be a doubly isolate dominating set of G. Then clearly, uv / ∈ E(G). Since S is a dominating set, every vertex in V (G) S is adjacent to either u or v (or both). This implies that
and w is dominated by u or v (or both), N (w) ⊆ {u, v}.
For the converse, suppose there exist u, v, w ∈ V (G) such that the given three conditions hold. Let S = {u, v}. By (ii.) S is a dominating set of G. Since uv / ∈ E(G) by (i.), S is an isolate dominating set. Since N (w) ⊆ {u, v}, w is an isolated vertex in V (G) {u, v} = V (G) S. Hence, S is a doubly isolate dominating set of G, i.e., γ 00 (G) ≤ |S| = 2. Since γ 00 (G) = 1, γ 00 (G) = 2.
The next theorem is a characterization for the upper bound of the doubly isolate domination. Proof : It is clear for 2 ≤ n ≤ 4. So we may assume that n ≥ 5. Suppose γ 00 (G) = n − 1. Clearly, S has at least one isolated vertex. We can collect all the isolated vertices of G and denote it by V (C * ). Suppose G has at least two disjoint connected subgraph, say C 1 and C 2 with δ(C 1 ) ≥ 1 and δ(C 2 ) ≥ 1. Let u ∈ V (C 1 ) and v ∈ V (C 2 ). Then S = V (G) {u, v} is a doubly isolate dominating set of G. This implies that γ 00 (G) ≤ n − 2, a contradiction. It follows that G has one subgraph, say C, with δ(C) ≥ 1. Next, suppose C is not a complete graph. Then C has at least two vertices x, y such that xy / ∈ E(G). Obviously it follows that S = V (G) {x, y} is a doubly isolate dominating set of G. Hence γ 00 (G) ≤ n − 1, which is a contradiction. Therefore, C must be a complete graph. Consequently,
The converse is obvious.
Remark 3.5 If G ∈ G, then 1 ≤ γ 00 (G) ≤ n − 1 and these bounds are sharp.
To see this, consider a star graph S n for the lower bound and a graph with at most two adjacent vertices for the upper bound.
Let G ∈ G. Since every doubly isolate dominating set is an isolate dominating set and every isolate dominating set is a dominating set, we have
Next, let us characterize some graphs for which γ(G) = γ 00 (G).
Proposition 3.6 If G has two adjacent vertices
Since u dominates v, it follows that {u} is a dominating set of {u, v} . Let S 1 be a minimum dominating set of H . Then
Corollary 3.7 Let P n be a path of order n ≥ 2. Then γ 00 (P n ) = γ(P n ).
Join of Graphs
Let A and B be sets which are not necessarily disjoint. The disjoint union of A and B, denoted by A • ∪ B, is the set obtained by taking the union of A and B treating each element in A as distinct from each element in B. The union G 1 ∪G 2 of graphs G 1 and G 2 with disjoint vertex-sets V (G 1 ) and V (G 2 ), respectively, is the graph G where
In [1] , it has been shown that there exists no isolate dominating set for G + H with at least one vertex from both G and H. Thus, the following lemma follows directly.
Lemma 4.1 Let G and H be any non-trivial graphs, and let S ⊆ V (G + H). If S ∩ V (G) = ∅ and S ∩ V (H) = ∅, then S is not a doubly isolate dominating set of G + H.
Now let us characterized the doubly isolate dominating set for the join of two graphs. 
It follows that both G and H has an isolated vertex (similarly, if S = V (H), then both G and H also has an isolated vertex).
The converse is clear.
From the preceding theorem, it follows that the doubly isolate dominating set only exists when both graphs have isolated vertices. 
